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hbstract: Mathematical modeling of mechanical systems based on multibody system 8odels 
is a well tested approach. Generating the equations of motion for complex multibody 
systems with a large number of degrees of freedom is difficult with paper and pencil. 
For this reason methods for automatic equation generation have been developed. Most 
methods result in numerical equations of motion without explicit information about the 
parameters. In this paper a method is described resulting in symbolic equations of 
motion. The method allows also the determination of the constraint forces which are 
important for design purposes. The inverse problem of dynamics is also easily solved. 
I(eywoIds: Mathematical modeling; multibody systems; equation generation; symbol 
manipulation. 
It is unworthy of excellent men to lose hours like 
slaves in the labor of calculation which could 
safely be relegated to anyone else if machines were 
used. 
C.W. Leibniz 
1WTKOD0CT10Il 
Crowing requirements of speed and precision make it 
necessary to operate closer to the dynamic limits 
rather than to overdesign a system and work too far 
from the mechanical possibilities. These 
increasing demands have aotivated progress in the 
analysis and simulation of complex mechanical 
systems. The development of mathematical models of 
mechanical systems, however, requires both 
knowledge of the best methods of mechanics as well 
as practical experience. For dynamic systems, such 
as vehicles, mechanisms, machinery, and robots, 
discrete models consisting of rigid bodies, 
springs, dampers, actuators, and rigid bearings or 
joints have long proved themselves useful. Such 
multibody models are called mechanical systems even 
if they also contain devices which are electric, 
magnetic, hydraulic or pneumatic in nature. 
Two classes of problems arise in which dynamic 
equations play an important role. In design, these 
equations are used for simulations of motions. 
Here, they furnish a powerful tool for the study of 
control strategies, for the optinization of 
parameters, and the testing of a system’s 
performance under varying conditions. In 
connection with system operation, equations of 
motion are used for the evaluation of nominal 
actuator forces and torques in order to achieve a 
desired motion. Such calculations normally need to 
be performed on-line; hence, computational 
efficiency is a major concern. 
The methods of analytical dynamics, however, often 
seem not to be adequate to formulate the equations 
of motion for complex systems. Even for simple 
two- or threebody systems, a considerable effort is 
needed to arrive at Lagrangian equations. On the 
other hand, for modern design and control systems 
it is highly recommendable to provide dynamic 
equations as accurate as possible. Consequently, 
the equations are often highly nonlinear and are 
complicated by the appearance of trigonometric 
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functions. All these problems led to a desire for 
a proper multibody simulation code. Therefore, 
several formalisms for the generation of equations 
of motion have been developed in recent years. 
Nest formalisms have been developed with the 
intention that they serve as the basis for a 
computer program for numerical generation, since 
the methods tend to be ill-suited for analytical 
investigations, e.g., ADAM, Chace (19851, DADS, 
Haug (1980, DISCOS, Carrado and Ravazzotti (19811, 
MEDWSA, Wallrapp and Rortiim (19841. However, most 
recent aultibcdy literature has dealt extensively 
with the formulations on an analytical basis, i.e., 
the equations produced are given as explicit 
formulas, e.g., MESA VERDE, Wittenburg and Wolz 
(19891, NKWEUL, Kreuzer, Schmoll, and Schramm 
(19(141, SD-EKACT , Rosenthal and Sherman (19831. 
The symbolic representation has the advantage that 
the equations have to be generated only once and 
the expression has only, to be evaluated during 
time-integration. 
This paper describes a formalism and the computer 
program NKWEUL that uses a special symbol 
manipulation technique together with Newton’s and 
Euler s s equations for automatically generating 
symbolic equations of motion for complex mechanical 
systems modeled as multibody systems. D’Alembert’s 
or Jourdain’s principle is used for reducing the 
system’s order to the number of equations 
necessary. The equations so generated describe the 
motion, provide symbolic expressions for actuator 
forces and torques, and even allow the computation 
of joint-reaction forces. Furthermore, strength 
estimates necessary for the economic design of 
mechanical systems can also be ascertained. The 
generality of 8ultipurpose programs often prevents 
them froa generating a computationally efficient 
simulation code. But with simplification routines 
which make use of the special properties of a 
particular system it is possible to arrive at 
efficient dynamic equations. The paper closes with 
the application of the formalism to a manipulator. 
nKCMnICAL nODKLIt9D 
The determination of the response of complex 
mechanical systems to dynamic loads is essential 
for design and evaluation of systems performance 
under varying conditions before such systems are 
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constructed. But what kind of mechanical model 
should be used or is most adequate for the actual 
problem? At the present time the practicing 
engineer may use four different kinds of mechanical 
models: 
. Multibody Systems, 
. Finite Element Systens, 
. Continuous Systems, 
. Hybrid Multibody Systems. 
The complexity of the models increases in the 
mentioned order. Depending on the complexity of 
the system under consideration, it may be advisable 
to use conceptually a series of mechanical models 
with increasing refinements. Starting with the 
simplest or crudest model, refinements are added in 
successive steps. However, the general guideline 
in mechanical modeling always should be: make a 
model as simple as possible and only as complicated 
as necessary. It is the combination of theoretical 
knowledge and practical experience, which leads to 
good models, and which is often so difficult to 
reach. 
I4ultibody systems have become very popular in 
various fields of engineering because we often can 
gain froa them many more physical insights than 
from more complicated models. Futhernore, the 
label multibody systems is usually reserved for 
systems which undergo large motions such that the 
dynamics cannot be adequately described by linear 
differential equations. But there are many real 
systems, in many fields of mechanical engineering, 
which can be described, at least approximately, as 
linear multibody systems. 
From a topological point of view multibody systems 
might occur with three different structures: 
. open kinematic chain structure, 
. tree structure, 
. closed kinematic chain structure. 
Characteristic for open chain and tree structures 
is that the system is divided into two parts if one 
cuts a joint between adjacent bodies. For some 
multibody systems-formalisms difficulties arise if 
closed kinematic chains are included in the system. 
These problems appear, because the closing 
conditions are often not easy to fulfill. 
MATHEMATICAL MDDELINC 
In this paper we will rely exclusively on multibody 
systems. However, having transformed the real 
system into a multibody system the next and maybe 
most important step is the generation of the 
mathematical model. For a mechanical system the 
mathematical model is a set of differential 
equations known as equations of motion. These 
equations relate the accelerations to the time, the 
positions, the velocrties, and the parameters of 
the system. 
This requires, especially for complex mechanical 
systems I a very systematic approach. We might 
think of Lagrange’s method or Newton-Euler’s 
method. However, forming mathematical models of 
complicated mechanical systems with paper and 
pencil and using the best suited method is still 
very time-consuming and produces unlimited 
possibilities of errors. Hence, the difficulties 
in deriving equations of motion efficiently and 
correctly can prevent us from dealing with complex 
mechanical systems. These problems led to a desire 
for a proper multibody simulation code. Therefore, 
to transfer this tedious task to computers and to 
generate the equations of motion automatically, a 
number of formalisms have been developed. The 
increased availability and performance of computer 
algebra software has made available a powerful tool 
for constructing programs for symbolic equation 
generation. 
Lagrange’s method tends to lead to computational 
algorithms involving large numbers of unnecessary 
arithmetic operations. Furthermore, the 
determination of constraint forces is complicated. 
Consequently, most formalisms use a Newton-Euler 
approach. 
I” the following 
systematic 
sections we first give a 
description of the kinematics and 
dynamics of multibody systems. On the basis of the 
mathematical apparatus employed, the NEWEUL 
software for automatically generating equations of 
motion has been developed in FORTRAN and uses a 
special scheme for symbol manipulation. For a 
thorough description of all theoretical aspects, 
see also Schiehlen (19841. 
Consider a system of p rigid bodies, Fig. 1. The 
bodies are interconnected and may be connected with 
the environment by bearings or joints. Acting in 
and/or on the system are passive and active 
coupling elements such as springs, dampers, and 
actuators. 
fia. 1. Multibodv wstem 
A body-fixed frame is associated with each body 
with the origin at the center of mass. Usually, we 
may describe the system relative to an inertial 
reference frame. Then, the position of body i is 
described by a 3-vector ri of the center of mass 
‘i 
and a 3x3-rotation matrix Si relating the 
inertial frame and the body-fixed frame. The mass 
of body i is m. and its inertia tensor with 
I 
respect to the center of mass C. 
Ii. 
1 
is denoted by 
There are a number of applications where a moving 
reference frame might be more adequate, e.g., in 
vehicle dynamics. Such moving reference frames are 
often given in a natural way: a truck running on a 
curved highway is naturally described with respect 
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to a moving highway related frame, Fig. 2. 
Fio. 2. Deflnltlnn of reference 
The position of each body is again described 
vector 
r. 
1 
= rR + rRi 
and a rotation matrix 
si = SR SRi . 
by a 
(1) 
(2) 
The reference quantities are denoted by an index R 
and the relative quantities by the indices Ri . 
It should be mentioned that the choice of reference 
frame docs not effect the equations of motion. But 
the generation process may be considerably 
simplified. 
The constraints imposed by joints, bearings, 
wheels, etc. may be holonomic or nonholonomic. 
characterized by q 
holonomic rheonomic constraints. Holonomic 
constraints are for example given by revolute, 
prismatic, or spheric joints. Since there are q 
constraints, the number of degrees of freedom is 
reduced to f=6p-q Consequently, the 
position of the system can be uniquely described by 
f generalized coordinates, often called Lagrangian 
coordinates, summarized in a f-vector 
Y = lY, Y2 . . . Yfl 
T 
(3) 
Usually, we can find the number f simply by 
inspection rather than by determining the number of 
constraints q . The position of the bodies is 
then described depending on the generalized 
coodinates: 
r. 
I = ri(Y,t) , si = Si(Y,V , 
i = l,...,p . (41 
The velocity of the bodies is found by 
differentiation of their position. After a further 
differentiation the absolute acceleration is 
derived: 
. . . 
ii = JTi(y,tly + +Y,y,tl a (51 
i=l ,...,P . . . 
wi = Jki(y,tly + $y,y,tl , (6) 
The 3xf-Jacobian matrices J 
Ti 
and J Iii are 
specified by the holonomic constraints. The 3- 
vectors v. i and ;. 1 summarize the remaining 
terms : 
1 avi avi . aa. . am. 
'i=ayY +at I Gi = $ y t & . (7) 
avi am. 
The partial derivatives at and 2 vanish in 
case of scleronomic constraints. 
svsfuz are characterized by 
nonholonomic rheonomic constraints. An example 0: 
nonholonoaic constraints is represented by a rigid 
wheel rolling on a rough plane. With these 
additional motion constraints the motional degrees 
of freedom are reduced to 
g=f-r . (8) 
Thus, the velocity of the system is uniquely 
described by g generalized velocities summarized 
in a velocity vector 
2 = Iz, 22 . . . zglT . (9) 
Of course, generalized velocities may also be 
useful in case of holonomic constraints to improve 
efficiency in the generation process. 
Nonholonomic constraints are introduced explicitly 
by 
Y = b(u,s,tl (101 
The bodies’s velocity is now described in terms of 
the position vector y and the velocity vector x: 
vi = vi(Y,L’t) , ui = ri(Y,z,tl I 
i = l,...,p (11) 
Again, the absolute acceleration is found by 
differentiation: 
. . 
vi = LTi(Y,r,t)z + Si(Y#W , (121 
i = l,...,p , 
i 
wi = LRi(Y'z't)z + y(y,r,t) , (13) 
where the Jacobian kinematical matrices LTi and 
LRi are introduced, and the vectors 
i avi av. 
vi=FY+& I 
L aui awi 
ui=ayytat. (14) 
summarize the remaining terms. 
The application of the linear and angular momentum 
Principle based on the free-body diagram of each 
body result in Newton’s and Euler’s equations 
C mivi = f; t f. 1 ' (151 
i=l #...,P . 
Iiii t iiIiWi = 1; + 1; , (161 
The external forces and torques are composed of 
applied forces fl and torques 14 and constraint 
or reaction forces f; and torques 1; I 
respectively. 
The constraint forces and torques can be described 
in a very systematic way. If we introduce 
generalized constraint forces 
9 = Icr, g2 ... gqtrl 
T 
(171 
we can write 
f; IFi9 I li=Lig , i=l,...,p, (16) 
where the distribution matrices F. and 1. are 
introduced. These matrices follow f:oa geome&ical 
analysis or from implicit constraint equations. 
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The generalized constraint forces are important terms of the least number of differential 
design parameters, e.g., for bearings and joints. equations. 
To summarize the Newton-Euler equations of all p 
bodies we introduce global matrices and vectors. 
The 6px6p-block diagonal matrix i is composed as 
follows : 
For nonholonomlc svst_g~lF or if generalized 
velocities are introduced in holonomic systems 
Jourdain’s principle states that the virtual power 
of all constraint forces and torques vanishes: 
i = diag h,E . . . mpE I, . . . Ipl , (19) 
where E denotes a 3x3-identity matrix. 
Furthermore, for holonoaic and nonholononic systems 
we use 6pxf-global Jacobian matrices 
BP’ = bzT iT (j g = 0 (28) 
Thus, the matrices LT and 6 are orthogonal, and 
the constraint forces and torques in (25) are 
eliminated by premultiplying with L’ The result 
is a nonlinear first order vector’differential 
equation 
5 = 
[ 
J;, . . . JT JT JT T Tp RI “. Rp 1 ’ 
(21) 
The remaining quantities on the left hand side of 
(1.51 and (161 are due to the gyroscopic effects as 
well as due to (7) and (14) and are summarized in 
Cp-vectors k and i , respectively. The applied 
forces and torques are described by the vectors 4” 
=a 
and q , e.g., 
p = aT f, aT aT af 
T 
. fp 1, . . . lp I , 
whereas for the constraint forces and torques the 
global distribution matrix 
F; . . F; L; L; I 
T 
, 
is introduced. With (191 to (231 the global 
equation of motion of a raultibody system of p 
bodies is given by 
. . 
R 3 Y + Gy,y,t, = ;ia(Y,Y,tl + %y,tlg (241 
for holonomic systems and by 
?i 1. ; t &y,z,t) = za(y,r,tl t &y,r,tlg (251 
for nonholonomic systems or if generalized 
velocities are introduced in holonomic systems. 
The Newton-Euler equations (241 or (25) are 
combined algebraic-differential equations. Hence, 
the question arises : can these equations be 
separated for solution into purely algebraic and 
differential equations. We can give a positive 
answer by employing the principles of dynamics. In 
a first step, the system’s motion can be found by 
integration of the separated differential 
equations. Then the equations (18) can be solved. 
For ideal applied forces both steps can be executed 
successively, the resulting equations of motion are 
independent of the constraint forces. 
For WC SvsteFQ Lagrange’s form of 
D’Alembert’s principle states that the virtual work 
of constraint forces vanishes. This results in 
6Wc = byT JT 6 g = 0 ; (26) 
hence, the matrices JT and 6 are orthogonal. 
Consequently, prenultiplication of (241 by jr 
yields a complete elimination of the forces of 
constraints. The result is a second order 
nonlinear differential equation of motion 
H(Y,tl ‘; + kh,;,t) = h,;,t) , (27) 
where I4 is a symmetric and positive definite fxf- 
inertia matrix, and q and k are f-vectors of 
generalized applied and gyroscopic forces . 
Equation (27) describes the motion of the system in 
M(Y,z,tl x + k(Y,z,tl = q(y,z,tl . (291 
Here II is again a symmetric and positive definite 
gxg-inertia matrix and k and q describe 
generalized gyroscopic and applied forces. For a 
complete description of the dynamics the kinematic 
equations (101 must be included. 
Frequently, we can obtain useful information about 
the behavior of a system from linearized equations 
of motion. The equations of motion (271 or (291 
are linearized by omitting all terms of second and 
higher order of the generalized coordinates and 
their derivatives. The vectors k and q may 
then be further decomposed. 
COIGTRAIRT FORCES 
Forces and torques that make no contribution to the 
aotion are called constraint forces and constraint 
torques, respectively. But in case of nonideal 
constraints with sliding friction or contact 
problems, respectively, the applied forces are 
coupled with the constraint forces. Hence, the 
constraint forces occur also in the equations of 
motion. Especially for design purposes and also 
for stress estimations, constraint forces are 
necessary. In the following, only holonomic 
systems are considered. 
Rewriting D’Alembert’s principle as an 
orthogonality condition 
iTa-l;jzo , 
(301 
the elimination of the acceleration is performed 
-T z-1 
through premultiplication of (24) by Q I4 The 
result is the so-called reaction equation 
. 
Il(y,t) g + &,u,t) = k(y,y,t) r (311 
and the q-vectors q and k characterize the 
influence of applied and gyroscopic forces, with 
the positive definite qxq-reaction matrix 
11 = ,jT i-1 p Schramm (19651. 
minimum set of’equations 
Besides using a 
this approach has also the 
advantage that the generalized constraint forces g 
can be found numerically by standard procedures. 
In the case of contact or friction problems, where, 
q also depends on g , we have to solve the 
equations of motion (271 and the reaction equations 
(31) simultaneously. 
INVERSE DYMMICS 
The inverse problem of dynamics, namely to find the 
appropriate drive forces and torques to perform a 
desired motion is often solved using recursive 
methods. However, recursive equations destroy the 
structure of the dynanic model which might be 
useful for controller design. 
In the literature control laws are often employed 
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which neglect the complex dynamics, thus leading to 
less than optimal response. The formalism 
presented here uses no approximations and can be 
considered to be exact under the modeling 
specifications. 
From the equations of motion (271 the driving 
forces .are easily determined. Decomposing the 
vector q of generalized applied forces results in 
the vector of driving forces 
gd 
. . 
= W(Y) Y + k(y,y) - cl’(y,y) (321 
where q” describes the generalized applied forces 
due to weight, springs, and actuators and 
. . 
Ye Y, and Y are functions of time. 
The driving forces and torques may also be obtained 
by the constraint force approach outlined in the 
previous section. But then they can be determined 
only numerically. 
ADTOHATIC EQOATIOW GKIIERATIOW 
The approach, outlined so far, is ideally suited 
for the design of a computer algorithm for the 
generation of the equations of motion. Such an 
algorithm was developed in Kreuzer (19791 and is 
named NEWEUL. The program NRWEIJL is written in 
FORTRAN using a special coding scheme. It allows 
non-numerical symbolic computation and analytical 
differentiation. Without going into a detailed 
description, only the essential steps in computer 
aided modeling by means of NKWEUL are mentioned. 
The mechanical modeling approach together with the 
geometric description developed above makes 
possible the immediate application of the NKWEUL 
program. First, let the physical and geometrical 
parameters (masses, inertias, mass center 
locations, connection joint locations) of the 
bodies of the system be read into the computer. 
All these data can be obtained easily from the 
system under consideration. To be more specific, 
the following data are required to run the NKWEUL 
program: 
Y f-vector of generalized coordinates, 
z g-vector of generalized velocities 
(optional), 
5 
3-vector of the origin of the moving 
reference frame (optional), 
sR 
3x3-rotation matrix of the moving 
reference frame (optional), 
and for each body i 
r. 
Sf 
)-vector of the center of mass, 
3x3-rotation matrix of the body fixed 
frame, 
m. 
If 
mass, 
3x3-inertia tensor with respect to the 
center of mass, 
f; )-vector of applied forces, 
1; )-vector of applied torques. 
The software features of NEWEUL include a 
convenient interactive algebraic entry program 
designed to facilitate use for even the casual 
user. The user is asked to supply the input so 
that essential elements are not omitted. Error 
checking is performed in the interactive session 
reducing the possibility that the generation 
program will be interrupted. With the entry 
program the determination of ri and Si using 
relative quantities is greatly simplified 
Finally, the symbolic and/or numeric equations of 
motion (271 or (29) produced as FORTRAN-code are 
generated in batch mode. Linearization is 
accomplished by expanding equations of motion about 
the nominal operating point and retaining only the 
first order terms. These equations, together with 
the reaction equations (311, may then be used for 
further theoretical analysis, for model validation 
studies, and for numerical simulations. Thus the 
user is free of the time-consuming and error-prone 
task of deriving equations of motion for each 
system he wishes to consider. 
EKAHPLE 
The complex dynamics of manipulators make 
simulation and design of control laws for them very 
difficult. When neglecting elastic deformations of 
the links a manipulator may, approximately, be 
considered as a multibody system. If the 
individual motions of the active elements of a 
manipulator are neglected, then the number of rigid 
bodies equals the number of links. Considering 
these aspects the equations of motion of the 
manipulator schematically represented in Fig. 3 
have been generated. 
Fio. 3. ator with 4 dearees of free- 
The system is considered to consist of 4 rigid 
bodies coupled to each other as indicated. To 
describe the unconstrained motion of the endpoint 4 
degrees of freedom are necessary leading to the 
following generalized coordinates: 
y = [ AL1 AL2 AL3 EPS IT . 
The applied forces and torques for this system are 
found easily. They are due to the weight and the 
actuators acting in the joints. From these data, 
supplemented by the masses and inertia tensors, the 
NEWEUL program generates the nonlinear equations 
of motion. To give an impression what the 
equations of motion produced by NKWEUL look like, 
only the inertia matrix is shown in Fig. 4. 
Because of the symmetry of the inertia matrix only 
the essential elements are listed. Of course, 
using simplification routines, the expressions 
might be further reduced. Hence, we arrive at very 
efficient dynamic equations. 
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Mehrkorperprogramm zur Analyse und Auslegung 
der Dynamik Von spurgefiihrten Fahrzeuoen. 
I rtia matru 
CONCLUSION 
A formalism for mathematical modeling of complex 
mechanical systems descretized as multibody systems 
has been presented. The equations of motion are 
generated by a computer program in symbolic form. 
The kinematic description permits unrestricted 
choice of generalized coordinates and generalized 
velocities, and the procedure admits holonomic as 
well as nonholonomic constraints. The analytical 
methods employed in the formulation of the system 
equations provide a minimum set, with all 
constraint forces and torques eliminated. But if 
necessary, also the constraint forces and torques 
can be obtained in a very efficient way. 
Computational experience with the program NEWEUL 
by many users indicates that theoretical analysis 
and simulations of complex mechanical systems can 
be achieved with very little investment of time in 
program familiarization. The software is still 
under development to include additional aspects of 
mechanical systems. 
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